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Abstract: We study the concept of density for sets of natural numbers in some lacunary A- 
convergent sequence spaces. Also we are trying to investigate some relation between the ordinary 
convergence and module statistical convergence for evey unbounded modulus function. Morever 
we also study some results on the newly defined lacunary /-statistically A-convergent sequence 
spaces with respect to some Musielak-Orlicz function. 


1 Introduction 


In order to extend the notion of convergence of sequences. East IIT^ and Schoen¬ 
berg IIT 9 I independently introduced the concept of statistical convergence. Later 
on it was studied from sequence space point of view and also linked with summa- 
bility theory by many mathematicians including Salflt Il2^ , Eridy Il20ll , Tripathy 
and Borgohain ||3l and many more. Kolk 01 began to study the applications of 
statistical convergence to Banach spaces. Connor et. al Il24l proved some impor¬ 
tant results that relate the statistical convergence to classical properties of Banach 
spacs. 


^The work of the authors was carried under the Post Doctoral Fellow under National Board of 
Higher Mathematics, DAE, project No. NBHM/PDF.50/2011/64 
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The notion depends on the idea of asymtotic density of subsets of the set N of 
natural numbers. A subset A of N is said fo have nafural density 6{A) if 


6(A) = lim-V 

n—>oo7t ‘ ‘ 
k=l 

where Xa is the characteristic function of A. 


A sequence {x„)„ is said fo be sfafisfically convergenf fo L, if for any £ > 0,we 
have 6{{k G N : |xjc - L| > £)} = 0. Analogously, {x„)„ is said to be statistically 
Cauchy if for each £ > 0 and n G N there exists an integer m > n such that 
d{{i G N : \\Xi - XmW < £}) = 1. 


Fridy Il20l proved that in a Banach space, a sequence is statistically convergent 
if and only if if is sfafisfically Cauchy Fast HT^ proved that stlim = x if and 

n 

only if there exists A c IN with d{A) = 1 and limx„ = x. 

neA 


The notion of a modulus function was introduced by Nakano [1T7| . Ruckle ll^ 
and Maddox [(T8| have introduced and discussed some properties of sequence 
spaces defined by using a modulus function. By the definition of modulus func¬ 
tion, we mean a function f : ^ which satisfies: 


1. f{x) = 0 if and only if x = 0. 

2. /(x + y) < f{x) + f{y) for every x, y G R+. 

3. / is increasing. 

4. / is continuous from the right at 0. 

A lacunary sequence is defined as an increasing integer sequence 6 = (kr) such 
that ko = 0 and hr = k^ - kr-i — > cx) as r — > cx). Throughout this paper, the intervals 
determined by 6 will be denoted by /, = {ky-i, kr\ and the ratio ^ will be defined 
by (pr- 


In this paper, we study on a new lacunary /-statistical A-convergent sequence 
space of order a with respect to the Musielak-Orlicz fuction. We also investigate 
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some results on a new concept of nonmatrix convergence which is intermediate 
between the ordinary convergence and the statistical convergence. 


2 Definitions and basic results 


By the definition of /-density of a set A c Isf, we mean df{A) = lim 
case this limit exists )where / is an unbounded modulus function. 


fin) 


, (in 


Let X be a normed space and let {x„)„ be a sequence in X. If if for each £ > 0, 
df{{i G N : \\Xi - x\\ > £}) = 0, then it is said that the /-statistical limit of {x„)„ is 
X e X, and we write it as /-stlimx„ = x. 

It is clear that d{A) = 1 - d(N\A). 


Let us assume that A c IN and d/(A) = 0. For every n e N we have f{n) < 
f{\A{n)\) + /(|(N\A)(n)|) and so 

^ /(|A(n)|) /(|(N\A)(n)|) ^ /(|A(n)|) 

fin) fin) ~ fin) 

By taking limits we deduce that d^(]N\A) = 1. 

Corollary 2.1. Let f,g be unbounded moduli, X a normed space, (x„)„ a 
sequence in X and x, y G X. We have 

1. The /-statistical convergence implies the statistical convergence (to the same 
limit). 

2. The /-statistical limit is unique whenever it exists. 

3. Moreover, two different methods of statistical convergence are always com¬ 
patible, which means that if /-stlim x„ = x and y-stlim Xn = y then x = y. 

By an Orlicz function , we mean a function M : [0, oo) —> [0, oo), which is 
continuous, non-decreasing and convex with M(0) = 0, M(x) > 0, for x > 0 and 
M(x) ^ oo, as X ^ oo. 
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The idea of Orlicz function is used to construct the sequence space, (see Lin- 
denstrauss and Tzafriri ll2Tfl ). 


’-M 


^ (\x\\ ] 

(xk) ew:/ M — < oo, for some p > 0 >. 

. \pI I 


This space with the norm. 




becomes a Banach space which is called an Orlicz sequnce space. 


Musielak |[25l defined the concept of Musielak-Orlicz function as ^ = (Mjt). 
A sequence ^ = (Nk) defined by 

Nk{v) = sup{|z;|w -Mk{u): u>0},k = 1,2,.. 

is called the complementary function of a Musielak-Orlicz function The 
Musielak-Orlicz sequence space t^ and its subspace h are defined as follows: 


= {x e w : I^{cx) < oo tor some c > 0), 

= {xew: l^{cx) < oo,\/c> 0}, 
where 7^ is a convex modular defined by, 

oo 

= Y^Mk{xk),x = (xk) e f^. 

k=l 

It is considered t^ equipped with the Luxemberg norm 

||x|| = inf|k > 0 : ^ l} 

or equiped with the Orlicz norm 

||x|r = inf|i(l+7^(kx)):fc>o}. 

A Musielak-Orlicz function (Mk) is said to satisfy A 2 -condition if there exist 
constants a,K > 0 and a sequence c = e (the positive cone of 7^) such 

that the inequality 
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Mk{2u) < KMk{u) + Ck 

holds for all G N and u e R+, whenever Mk{u) < a. 

For any lacunary sequence 6 = (kr), the space Ng defined as, (Freedman et 
al.[l]) 

hie = i (Xk) • lina h~^ ^ \Xk - L\ = 0, for some LI. 

[ kejr j 

The space Ne is a BK space with the norm, 

||(Xfc)||e = supiz;^ y |Xfc|. 

'■ ke]r 

A sequence (Xi) is said to be lacunary /-statistically A-convergent to L if. 


d 


fc G N : lim hd; (1 > £/ foi" some L and > 0 ] 

r^ooh? p(k) I ' k' I 


= 0 , 


where R = (U-i, p] , A = (A,(x)) such that A;X = ^ converges for each 


k=l 


i , h“ denotes the n-th power {h“) of h^, that is, = {h“) = {h“,h“, ...) and 

^ = (Mk) is a Musielak-Orlicz function and it is written as /g (A, ^)-statistically 
convergentto L with respect to the Musielak-Orlicz function 

Some particular cases : 


If we take a = 1, then the lacunary /-statistically A-convergence of order a 
reduces to the lacunary /-statistically A-convergent to L (/e(A, ^)-statistically 
convergent to L), i.e. 


d 


k G N : lim ^ ^ Mi P —- ] > £, for some L and > 0 j 

’’ ji=L ' 


P 


0 . 


If 0 = {2’’) and a = 1, then the sequence (x,) is said to be /(A, ^)-statistically 
convergent to L if, 


d 


|k G N : ^ Mi j > £/ for some L and > o| 


0 . 
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If Mi{x) = X, 6 = (2'') and a = 1, then we can say the sequence (xi) is /- 
statistically A-convergent to L , it 


d 


G N : ^ |A,(x) - L| > £, for some L 

ieir 


= 0 . 


Let us define a space of lacunary A-convergent sequences of order a defined 
by Musielak-Orlicz function as. 


w‘^{A, = |(x,) : lim ^ ^ M, P = 0, tor some L and > o| 

[ '■ ieIr \ P ' j 

In particular, if we have M,(x) = x, 6 = (2'') and a = 1, then w“{A, reduces 
w{A) = |(Xi): ^ |A,(x) - L| = 0, for some l| . 


3 Main Results 


Theorem 3.1. Let (x„)„ be a sequence in a normed space w‘^{A, and / an un¬ 
bounded modulus. Then /-stlim x, = L if and only it there exists X c Isf such that 
df(X) = 0 and lim Xj = L. 

■' ieN\X 


Proof: Let Bj = 




|, for every j G N. 


Since Bj c By+i and d/(By) = 0, it is required to prove the case where some of 
the Bj's are non-empty, in particular we can assume that Bi 4^ (p. 


Choose any ri G Bi. Now,by taking r 2 G B 2 with £2 > and < 5 , if i > J' 2 - 

Inductively we obtain ri < £2 < £3... such that Vj G Bj and < j whenever 


Now consider X = Uj(=^{[rj, r^+i) fi By). Then for every i > there exists ; G N 
such that Vj < i < ry+i and if n G X{i) then n < ry+i, which implies n G Bj. Therefore 
X(i) c Bjf) and thus. 
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which follows df{X) = 0. 


/(|X(0|) ^ /(|B;(0I) ^ 1 

m ~ m ~ i 


For £ > 0 and / G IN such that y < £/ we have i G ]N\X and i > Vj for which 
there exists k > j with < i < r^+i and this implies i t so. 



We conclude lim Xi = L. 

/eN\X 

Conversely, let us assume that X G IN satisfies lim Xi = L and df(X) = 0. For 

!eN\X 

£ > 0, there exists z’o G N such that if i > io and i G N\X then 



This implies. 



Definition 3.2. The sequence (x„)„ is /-statistically Cauchy if for every £ > 0 
there exists N G N such that df{{i G N : ||x, - Xn|| > £}) = 0. 


It is well known that if a sequence is /-statistically convergent then it is /- 
statistically Cauchy. The converge is true it the space is complete and this result 
is a particular case of filter convergence. 


Thoerem 3.3. For the Banach space zv^{A, where / be an unbounded mod¬ 
ulus and {Xn)n is an /-statistically Cauchy sequence. Then {x„)n is /-statistically 
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convergent. 


Proof: For every k eN, let be such that 


j 1 G N : lim — y Mi\ 

I " ieir ' 


\Ai{x) - An.{x)\' 


P 


(0 


1 

^ k 


= 0 . 


Consider the sets Ik = rij<kB{xi^., 7 ) and /j: = {1 G N : Xj p}- 


r r 


Then for each G IN we have diam(7fc) < | and 


1 X"" Aj^fx)p 

G N : lim — ) Md — 

r^co Z—I 1 


ieh 


P 


(i) 


> - 


Jk ~ ^j<k 

which implies df{}k) = 0 . 
Consequently each p + (p. 


Sincet f 2/2 2 ••• and /i c /2 c ... so as in the proof of the previous theorem, 
we can find a sequence of natural numbers < r 2 < .... such that Vk e Jk and if 
i > Tk then 


/(l/dOl) < 1 
m - Re¬ 


considering X = UkeK{[rk, rk+i) n Jk), we get df{X) = 0. 

Since w“{A, M) is complete, then Oket^h has exactly one element, say x. 

We have to prove that lim x, = L. 

ie]N\X 

For £ > 0, choose ; G N with ^ < £. If i > and i G N\X then there exists k> j 


such that Vk < i < Vk+i and then i t Jk, which implies x, G Ik and thus, 
lim y Mi\ 

r^oo ' 




^(0 


M, ^ P^‘ 

This completes the proof of the theorem. 


k- i 
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Theorem 3.4. Let {x„)„ be a sequence in If for every unbounded 

modulus / there exists /-stlimXj then all these limits are the same x G zy“(A, 
and {Xn)n also converges to L in the norm topology. 

Proof: It is proved that for /, ^ two unbounded moduli, X a normed space, 
{Xn)n a sequence in X and L,M e X, the /-statistical limit is unique whenever it 
exists. 

If it is false that lim Xi = L, there exists £ > 0 such that 



is infinite. 

Now, by choosing an unbounded modulus / which will satisfy df{X) = 1, then 
this clearly contradicts the assumption that /-stlim x, = L, which completes the 
proof of the Theorem. 

Theorem 3.5. Let .y# be a Musielak-Orlicz function, x = (x,) be a bounded 

hr 

sequence and 6 = (h) be a lacunary sequence. If lim — = l,fhen x G /g (A, => 

X G w"{A, Ji). 

Proof: Suppose that x = {xi) be a bounded sequence and /g (A, - limx, = L. 

Then we have. 



For £ > 0 given, let us denote Xi as the sum over i G f, |A,(x) - L| > £ and 
denotes the sum over i G P, lAfx) - L\ < e respectively. 

As X G ioo, we have a constant T > 0 such that |x,| < T. Now, for £ > 0, we have. 
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'\A:(X)-L\' 


ieh 


P 


(i) 


< i El max jMi (i), Mi (^)) + i E 2 Mi (^) 

< max{Mi{K),Mi{K)}^\{i e Ir : \Ai{x) - L| > £}| + |M,(£i), ^ ^ = £i. 

Hence, x G wVyA,^). 


Theorem 3.6. Let ^ = (Mj) be a Musielak-Orlicz function where (M;) is 
pointwise convergent. Then, w‘^{A, M) C /g (A, if and only if limMi > 0 
for some V > 0, > 0. 


P 


Proof: Let £ > 0 and x G w"{A,^). 


IflimM, — > 0, then we have a number c > 0 such that 


^P 


(i) 


Mi —pr > C, for V > £. 


.p 


(0 


Let us define, 1} = |i G f : Mi > £}. 


Then, 


ieir ^ P 


'|Ai(x)-Lr 


- 

teU 


'|Ai(x)-Lr 


p 


(i) 


. c-|Ao(£)| 


Hence, it follows that x G /f (A, 


Conversely, let the condition do not exist. Now, for a number v > 0 , let 
limM, 1 1 = 0 for some p > 0. 
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Select a lacunary sequence d = (n^) such that M, < 2 '' for any i > tir. 


Also, if A = 7, then we can define a sequence x by putting. 


Ai{x) 


V ifn,_i <f< 


e if 


< I <nr. 


Therefore, 


= 1 y m 7—1 


< 


= 2 
n, + n,_ 


r-l 


1 1 
^ 2 ^ 


1 

-> 0 as r —> oo. 

2 '' 


-n,_i 


Thus we have x G Wg (A, 


But, 


lim^ 


i e 7, 


:y;M, 


'ixwr 


/eL 


P 


(i) 


> £ 


So, X t fniA, 




Z G Wr-l/ ■ 


n, + n-r-i 


L I V \ 

M/ -r- > £ 
\p(y 

leir '' ' 


lim 

r^oo 

1 

2 ' 


1 - n^-i 

2 


Theorem 3.7. Let = (Mi) be a Musielak-Orlicz function. Then /f (A, c 


y 

Wg{A, if and only if sup sup M; — < cx). 


P 


Proof: Let x G /f (A, Suppose h{v) = sup M, [and h = sup h{v). Let 


K = UeL: M,- 


'|A,(x)-Lr 


p 


(0 


\p( 0 / 


< £ , 
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Now, Miiy) < h for all i,v > 0. So, 


-T 


Mi 


'\Aiix)-L\^ 


ieir 


P' 


(i) 


-T 

M Lu 


Mi 


'\Aiix)-L\^ 


(i) 


ieU 


+ 


'' ieli ' 


P 

\Ai{x)-L\^ 


P 


(i) 


< h-\Aoi£)\+h{£). 


Hence, as £ ^ 0, it follows that x G ivVyA, 


Conversely, suppose that 


sup sup Ml 

V i 



= OO. 


Then, we have 

0 < Vi < V2 < ... < V,_1 <Vr < ... 

SO that Mn, tor r > 1. For A = I, we set a sequence x = (x,) by. 


Then, 


A,(x) 


Vr if i = itr for some r = 1,2,..; 
6 otherwise. 



Hence, x G /g (A, M^). 



0 


But, 



> 


lim —M, 

r->co hr 


hr 


(\Vr-L\\ 

[ p (0 I 


So, X G w"{A,^). 
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